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LAMPIRAN

Lampiran 1 : Pembuktian Persamaan 2.39 dan 2.40

Pembuktian dari Triana,S (2017) sebagai berikut
dari persaman 2.34 dan 2.38 diperoleh persamaan sebagai berikut.

E(Cin-i|Cin) = PiCin
Var(Cin—i|Cin) = pigiaf (Cin)
Dengan demikian, akan diperoleh bentuk Var(C;,_;) dan Cov (C;,_4, C; ) sebagai
berikut.
Var(Cin-i) = E [Var[Cin-ilCinl| + Var [E[Cin-il Cin]
= piqiE|a? (Cin)] + pZVar(Ciy]
= pi(1 = pIE[af (Cin)] + piVar[Ciy]
= piE|al(Cin)] = PPE[af (Cin)] + pPVar|Cin]
Var(Cin-i) = piElaf(Cin)] + v (Var[Cin] — E[a?(Cin)])

Cov(Cin-i,Cin) = E [COU[Ci,n—i; Ci,nlci,n]] + Cov [E[Ci,n—ilci,n]'E[Ci,nlci.n]]
= £ [Cov[Cin-i, CinlCin] | + COV[E[Cin-ilCin], Cin]
= E[E(Cin-iCin|Cin) = E(Cin-il Cin)E(Cin|Cin)] + Cov[piCin, Cin]
= E[E(Cin-iCinlCin) = DiCinCin] + PiCOV[Cip, Ci]
= E[E(Cin-iCin|Cin)] = DiE[CE] + piVar|Ciy]
= E[Cin-iCin] = DiE[Cln] + piVar[Ci]
= E[piCinCin] — niE[CE] + DiVar[Cin]
= piE[C] = pE[Ch] + piVar[Cin]

Cov(Ci,n_l-, Cl-,n) = inar[Ci_n]

Subtitusikan Var(C;,_;) dan Cov (C;,_4, C;,) maka didapatkan nilai Cov (C;,_1, R;)

sebagai berikut
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Cov[Cin_i, Ri] = Cov[Cipoy, Cipy — Cin—i] = Cov|[Cipoy, Cin] — COV[Cipy, Cipmi]
= COU[Ci,n—i; Ci,n] - Var[Ci,n_i]

= piVar|Cin] = piE[af (Cin)] = pE(Var|Cin] = E[af(Cin)])
= piVar|Cin| — piEa?(Cin)] — pi(1 — @) (Var|Cin| — E[a? (Ci)])
= piVar[Cin] — piE[a?(Cin)] — (i — piq) (Var[Cin] — E[a?(Cin)])

= piVar[Cin] — piE[a?(Cin)] — piVar[Cin] + pigiVar[Cin)
+piE[a?(Cin)| — pigiE[a?(Cin)]

Cov[Cin-i,Ri| = piqi(Var[Cin] — E[a?(Cin)])

Maka dengan mensubtitusikan Var(Cl-'n_i) dan Cov[Ci,n_l-, Ri] ke persamaan

didapatkan
. piCov|[Cipn_y, Ri] + piqiVar[UF]
¢ = . 2 BC
q  Var[Cin_i| + p?Var[UE€]
_pi piai(Var|Cin]-Elaf (Cin)])+piqivar[Uf]
 aipiElaf (Cin)|+pF (Var|cin]~Elaf (Cin))+pivar[uf€]
_ var[cin]-E[a?(Cin)]+Var[uB€]
= PUEE (i Fmivarlinl-Ela? ) +pivar[uF]
_ pi(var[Cin]|-E[a} (Cin)|+var[uf])
 pi(var[Cin|-Ela (Cin)|+Var[UfC])+E[a? (Cin)]
_ pi
DA E[a?(Cin)]
" var|cp|-E|a?(cp )| +Var(uBC|
* Pi
L pi+t;-k
* Elaf (Cin)] ;
Dengan t; = maka persamaan 3.39 dan 3.40 Terbukti

var(Cin|-Ela?(Cin)|+Var[uBC]
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Lampiran 2 : Pembuktian Persamaan 3.44

Pembuktian dari Triana,S (2017) sebagi berikut:
Subtitusikan persamaan 3.41 Serta asumsi Var|C; .| = Var[UF€|dan E[C;,] =

E[UE¢] pada Var(C;,_;) yang telah didapat sebelumnya. Sehingga akan diperoleh
bentuk Var(C;,_;) yang lain
Var(Cin-i) = piE[a?(Cin)] + p? (Var([Cin] - E[a?(Cin)])
= piff (Var[UF] + (E[U7D)?)
+p? (Var[UP€] - g2(var[UF€] + (E[UF])?))
= piZVar[UP] + pipE (EWVFD? + pf Var[UF€] - p? BF Var[UF*]
— piBZ (E[UFC])?

(E[UZ])?
W[Piﬁf - P?ﬁf])

(E[Uf])?
Var[UB¢]

= Var[UF€] (piﬁiz +p? — p?BE +

Var(Cin-;) = Var[UF¢] <Pi [BZ(1 —p) +p] + [p:B7 (1 — Pi)])
Dengan menggunakan asumsi Var|[C; ,| = Var[UF¢|dan E[C; .| = E[UF€] dan
persamaan 3.41 pada persamaan 3.40 maka akan diperoleh etimasi dari t; sebagai
beriku

£ = E[aiz(ci,n)]
a Var[UFC] + Var|C; ] — E[e?(Cin)]

B2 (var[uPCl+(E[uPC)))

" VarluPl+var[uPel-g?(var[uPL+ (s[uF]))

1

__ B(verlvf @D veruP]
2var[uPC]-g2 (var[uPCl+(E[uPC])’) Var[lu?c]
E[uBC])?
B b (HE’L[I”?B])
2-hi (“Efa[f[iﬂg] >

sehingga diperoleh
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(eluéc])” UBC])

) {1

(E[UED’ . (Elu])° [vE])*
2t; — tif; <1 T Var[u] Var[UPC] | bi Var[UBC]
(1 + t,)B? (E[UBC =

¢ Var UBC] B
(E[UFDTY 2t
pi <1 T VarFT ) S Ar o

BCT)?
Maka dengan mensubtitusikan nilai Var(Ci,n_i) dan S? (1 + Eﬂf{gg) yang telah

didapat ke dalam persamaan 3.43 maka didapatkan

Var[R?] = c; (zl> Var[Cin_i| + (1 — ¢)?q?Var|UE¢]
i

(e[vfe])”

N2
= ¢? (%) Var[UiBC] (Pi[ﬁiz(l —pi) +pil + Va [UBC

: ] [piB7 (1 - pi)]>
+ (1 — ¢;)*Var[RFF]

E[UB])* 11
= Var[RBF]< ( [B7(1 —p) + pi] +% Eﬁiz(l —Pi)D

(g1 (eluFe)’ 7 = @)D - Ci)2>

Var[UBC]

_ (1-py) (E[uf“])
= Var[RFF] <Clz (1 + B? Tp (1 + Var[UiBC]>) + (1 - Ci)2>
+

Il
<
Q
=
~

<5

3
a

N

—_
+

(A-py) (2t 2 _ 9.
o ((1+ti))> +ci —2¢ + 1)

2ct (1;_:%) (1+t) tof—2c+ 1)

=Var[RPF](2c? + 2cf (%) (#ltl) —2c; + 1)

=Var[REF](2c? [1 + (ﬂ) (L) —2¢; + 1])

i 1+t;
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2
_ BF Di 17pi) ()| = o P
= VarlR™] (2 (pi+ti) [1 + ( pi )(1+ti)] 2 pitti * 1)
3 BF 2p? 2pi(1-pd) (_ti \ _ _2pi
= Var[Ri ] ((pi+ti)2 (pi+t;)? (1+fi) pitt " 1)
_ BFY (20 (1+t)+2p;ti(1-p)—2p;i(Pi+t) (1+t)
=Var[R;"] ( (pi+t)?(1+t;) * 1)
_ BFY (2Pi+2pftit2piti=2p] ti—2p} ~2pfti—2piti=2pit]
= Var[Rl- ] ( (pi+t)2(1+ty) * 1)
_ BF| (Z2P{ti=2pit]
=Var[R;"] ((pi+ti)2(1+ti) + 1)
Bry (1 _ (2ritipitt)
Var[Ri ] (1 (pi+ti)2(1+ti))
B BF 2piti
Var[R7] = Var[R;"] (1 - m)

Apabila Var[R?] diatas diturunkan terhadap t;, maka diperoleh t; yang meminmumkan

variansi sebagai berikut

d d 2p;t;
—Var[RE] = _[V RBF <1 — Ll )]
at; arlR’] at; arlRe"] (pi +t)(1 +t)

0=— :Var[RlBF] (1 T isi(ti + tl-))]

a [ 2p;t; l
ot; |(p; +piti +t; +t7)

o = 2P piti + 8+ 87) — (i + 1+ 26D @piti)
- 2
(P +oit] +t] +£77)

* * *2 * * *2
0 = 2p? + 2p?t] + 2p;t; + 2pit; " — 2pPt] — 2pit} — 4p;t]
2 %2
0 =2p; — 2p;t;

tf“z — 2_plz
' 2p;

ti =pi

Karena p; # 0 untuk semua i dengan demikian t; yang meminmumkan variansi

Var[Rf] adalah t; = ,/p; . dengan demikian persamaan 3.44 terbukti.
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Lampiran 3 : pembuktian persamaan 3.46

Pembuktian dari Triana,S (2017) sebagi berikut :

Sebelum membuktikan persamaan 3.46 terlebih dulu akan dicari nilai Var|R;]
menggunakan persamaan Var(C;,,_;) dan Cov(C;,_;, C; ) yang telah didapat pada
lampiran 1 sebagi berikut

Var(Cin-i) = piE[af(Cin)] +pf (Var[Cin] — E[af(Cin)])

Cov(Cini, Cin) = piVar[Ciy]

Maka nilai Var[R;] adalah

Var[R;] =Var|[Cip — Cin_i]
=Var[Cin]| — 2Cov[Ciy — Cini] + Var[Cin_i]
=Var|[Cin]| — 2(piVar|[Ci n_i]) + piE[a?(Cin)] + P2 (Var[Cin] -
Elaf(Cin)])
=Var[Cin] — 2pVar|[C ] + piE[@?(Cin)] + p?Var[Cin] — p? E[a?(Ciy)]
=Var[C;n|(1 = 2p; + pP) + piE[a?(Cin)] (1 — 1)
=Var|C;,]|(1 — p)? + pigiE[a? (Cin)]
= qfVar[Cin] + a:(1 = q)E[af(Cin)]
= qtVar(Cin) + (g — GDE[a?(Cin)]
Var[R;] = q; E|af(Cin)] + af (Var[Cn] — E[a? (Cin)])

a. MSE Chain Ladder

Selanjutnya dengan asumsi E[R.;] = E[R;] diperoleh mean square eror metode
Chain Ladder sebagai berikut
mse (RFY) = E[(Rt — R;)?]

=Var[R‘* — R;]
=Var [Rf*] — 2 Cov|[RE:, R;] + Var [Ry]

A 2 ]
= (z—Z) VaT'[Ci,n—i] - ZZ_ZCOU[Ci,n—irRi] + Var [R;]

= (Z_i)z (piE[aiz (Ci,n)] + piz (Var[ci,n] - E[aiz (Ci,n)])) -
22 (o au(Var{Cia] = E[a?(Ci)])) + aiEla?(Cin)] +

@ (Var[Cin] = E[a?(Cin)])
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2

= % E[aiz(ci,n)] + qi2 Var [Ci,n] - Qiz E[alz (Ci,n)] -

2q?Var|Cin| + 2q2E[a?(Cin)] + qiE[a?(Cin)] +
qizVar [Ci,n] - QiZE(aiz (Ci,n)

= E[a?(Cin)] (ZTZ +4;)

=E[a?(Cin)] (q?%im)

= E[a?(c,,)] (fLH20=22)
mse (REY) = E[a? ;)] &

b. MSE Bornhuetter Ferguson

Dari asumsi sebelumnya, diperoleh bahwa E[RFF] = q,E[UE] = q;E[Cin] = E[Cin —
P,CEE] = E[Cip — Cin-i] = EIR]. Asumsikan bahwa Cov[REF,R;] =
quov[UlBC, Rl-] = 0. Dengan demikian, diperoleh mean squared eror dari metode
Bornhuetter Ferguson sebagai beriku

mse (RFF) = E[(RBF — R)?]
= Var[RPF — R;]
= Var[RFF] + Var[R;]
= qfVar[Uf¢] + qf(Var|Cin] — E|a?(Cin)]) + aiE|a? (Cin)]

= ql'E[“iz(Ci,n)] + CIiZ(Var[UiBC] + Var[Ci,n] - E[“iz(ci,n)])

=E[af(ci,n)]qi(1+ (var] 1E[ai2([%1)][< >1>)

= E[alz (Ci,n)]Qi 1+ 1

B[t (cin)]

Var[UlBC] +Var[Ci,n] —E[Dfl2 (Ci,n)]

mse (RFF) = E[a?(C;n)]a; (1 + Z_z)
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MSE Benktander

mse (RF8) = E [(ci(RiCL —Ry) + (1 —c)(RPF - Ri))z]

ctmse(R") + 2¢;(1 — ¢)E[(RE: — R))(RFF — R))]
+ (1 — ¢;)?>mse (RFF)

c’E [aiz(Ciln) %] + 2¢;(1 — ¢;)Cov[RE: — Ry, REF — Ry]
L

+ (1 - ¢)?E[a?(Cin)]a (1 + Z_:)

= c?E[a?(Ciy)] ;’— +2¢;(1 = ¢)(Var[R;] — Cov[REE, R ]) +

(1—c)?E[a?(Cin)]a; (1 + CZ—)

= CizE[aiZ(Ci,n)] % + Zci(l - Ci) (QiE[aiz(Ci,n)] + in(Var[Cl-,n] -

Ela(Cin)]) = £ Cov[Cins Ri]) + (1 = c)?E[a?(Cin)]ai (1 + ‘Z—)

= CizE[aiz(Ci,n)] % + Zci(l - Ci) (CIiE[aiz(Ci,n)] + CIL'Z (Var[ci,n] -

Ela?(Cin)]) - Z_EQiPi(Var[Ci,n] - E[aiz(ci,n)])> +(1 -

¢)?E[a?(Cin)a: (1 + &)

= c¢?E[a?(Cin)] + 2¢;(1 — c))(qiE[a?(Cip)]) + (1 -

Ci)zE[aiz(Ci,n)]Qi (1 T Ctl_:)

= E[a?(Cir)] :CiZZ_E‘F 2¢;(1 = ¢)(g) + (1 — c)?q; (1 + (z_:)]

o 2
= E|af(Cin)] _C?Z_ZJF 2ciq; — 2cfqi + (1 — c)?q; + (1- Ci)z%]

[ 24
= E|af(Cin)] _Cizp_i +26;9; — 2¢7q; + qi — 2ciq; + ¢fq; +

_ ek
(1- c)? ]
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- , 2
= Ela(Con)] [c? (%= i) + q+ (1 = )2 Z]

[ i—q;(1—q; 2
= E[aiZ(Ci,n)] _Cl-z (ql qil ql)) + qi + (1 - Ci)zi—li]

4

_ 2 2
= Ela(Con)] [ () + qi + (1 = c)? %]
mse (R?) = E[a?(C;)] (;—2 to+ ooy g2

&

Dengan demikian persamaan 3.46 terbukti.
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