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Abstract

Let R be aring and ¢ be an endomorphism on R. Then the set of
polynomials {f(t) = ag + aqt +--- + a,t"|a € R} forms a ring with
multiplication rule ta = o(a)t for al a e R This multiplication rule

is noncommutative. Therefore, the set of polynomials described is
caled skew polynomial ring. In this paper, we consider R to be the
2 by 2 trinion matrix and determine its center.

1. Definitions and Notations

Trinions are elements of a 3-dimensional associative algebra. The set of
trinions can be represented as
T ={ag+&i+ayj|lag, &, ap € R},
where
2=, j%=-iij=ji=-1
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A trinion matrix is a matrix whose entries are trinions. A trinion matrix

can be represented as

ap + ali + a2j(11) ap + ali + azj(ln)
M = : -, :
ap + ali + azj(nl) ap + ali + azj(”")

For more about trinions, the reader is referred to [1]. In this paper, it is
necessary to recall the formal definition of a skew polynomial ring and the
center of a ring. The following definitions can be found in [2-6].

Let R be a ring with identity element 1, ¢ be an endomorphism on R,
and 0 be a o -derivation on the ring R. Then the skew polynomial ring over

R with respect to the skew derivation (o, 8) is a ring that consists of all

polynomials over R in an indeterminate ¢ denoted by,
R[t; 0,8]={f(t) =ay + ait +---+ a,t" |a; € R},
satisfying the following equation, for all a € R,
ta = o(a)t + d(a).

The notation R[t; 6] stands for the particular skew polynomial ring
where & = 0. Moreover, the structure of the skew polynomial ring R[t; ] is

different from R[t; o, 3.
Let R be a ring. Then the center of R, denoted by Z(R), is defined as:
Z(R) ={r € R|rx = xr, Vx € R}.
2. The Main Results

In this section, we determine the center of skew polynomial ring of
2 x 2 trinion matrix.

_Jfa 0 2x2 . as2x2 2x2
Let M _{(b aj|a,beT}eM(T).Deﬁne G.M(T) —>M(T) by
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a 0 ay + aji +ayj 0
c =0
b a b0+b1i+b2j a0+a1i+a2j
ag — Clzi - Cllj 0
by —byi—bj  ag—ayi-ayj)
where a = ap +a1i+a2j and b = bo +bli+b2j.

Then it is easy to see that ¢ is an endomorphism.

Center of skew polynomial ring M|t; o] is described in the following

theorem:
Theorem 2.1.
My, + Ay (=i + f) 0
2(Ml1; o) = Z( e o }2”

So\bay +byya(mi+ j)  ag, + ag, (=i + )
ayp(-1+1i - j) 0

+( " . . . . t2n+1 |a2n’ b2na
bypei(1+i—j)  ag(-1+i~j)

A2p+41> Danstls A2ps2s Dapsn € R}

Proof. The proof is divided into two parts, the first one shows that

{i[azn + ayua (=i + j) 0 ]ﬂn

o\bay + by n (=i + j)  ay, +ag,o(=i+ )

N [a2n+l(_1 +i-— .]) 0 \Jtzn_,_l

bypi(-1+i—j)  ayp(-1+i-j)
|@2ns baps Qops1> Dans1s @2ps2s Dons € R} c Z(M[t; o).

Then we continue by showing that
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m ap + ap 2(—i + j) 0
Z(M[t; o)) < Z[ o N
To\bay +bya(mi+ j)  ag, + aguia(=i + )
N £‘12n+1(_1 +1i - j) 0 }2n+1
bypri(F1+i—j)  ay,(-1+i—j)

|azns baps @2pits Bapsls 2ps2s bopsn € R}

(1) We show that
i[azn + gy (—i + ) 0 ]ﬂ”
o\bay + by n (=i + j)  ay, +ay,o(=i )
. [a2n+l(_1 +i- ) 0 ]ﬂ””
byl +i—j)  apuq(-1+i-j)

|a2ns> b2ys Q211> Dapsts @2p42s bops2 € R} c Z(M[t; o]).

Let
Ui ap + ap 2(—i + j) 0
p(t) e Z( oo N
To\bay +bya(mi+ j)  ag, + ag,o(=i + )
N £‘12n+1(_1 +i- ) 0 }2n+1
bypri(F1+i—j)  ay(-1+i—j)

|azns Daps @2ptts Bapsls 2ps2s bopsn € R}

Assume

o(t) = i[an + g2n+2(_i + ]) 0 ]tzn

n=0 Moy + hopio(=i+§)  gon + ganea (=i + )

. [an-i-l(_l +i-j) 0 ]t2n+1
My (F1+i—j)  gouu(-1+i—j)
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We show that p(t)q(t) = q(¢) p(t), Vq(t) € M[t; c]. Without loss of

generality, the proof is divided into two cases:

o) = [

u0+u1i+u2j 0

j and ¢q(¢) = ¢

V0+V1i+V2j u0+u1i+u2j

In the first case

(t) Uugp +u1i+u2j 0
q\t) = . , . . |-
Vo Vit + vy Ug +ul +uyj

Therefore,
p(t)q(t) = [
n

- [g2n + Zons2 (=i + J) 0 jl‘zn

o\ Iy + oo (i + ) gap + one2(Hi+ )

N (an-H(_l +i- ) 0 Jt2n+1 :|
M (-1+i—j)  gpp(-1+i-j)
ug + uli + uzj 0
V0+V1i+V2j u0+u1i+u2j'
Because o(a) = ay — ayi —ajj and o> (a) = ag + aji + ayj, we get

i( (820 + ans2 (=i + J)) (g + wyi + uyj)

=\ + by (=i + J) (g + g + 1z f) + (82, + Gansa (i + 7)) (Vo + i +v2 )

J
n
(an g2n+2( L J))(“O “1‘ “2.’)

+( (gon1(=1+i— j) (g — uzi — uyj)
(hypar (<1 + 0 = j)) (g — ugi — uyj) + (82,41 (=1 + i = j)) (vg — vai =)

0 J 2n+1
(gans1 (1 + 10 = j) (g — uni — uyj)

= Zm:[cll 0 ]th +[d11 0 jt2n+1’
1 dyy  dy

n=0
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where
c11 = (&2ntto + &an+2 (U — ) + (g2t + 2p42(-ttg —u2))i
+(g2ntty + g2n12(uy +1g)) J,
ca1 = (hppttg + hppio(y — ) + 82,0 + 2p12(v2 — V1))
+ (hoptty = oy (ug +uz) + 824V — 82ns2(Vo +v2))i
+ (hyptty + hypyn(uy +ug) + 824v2 + 204201 +v0)) J,
2y = (gantho + on+2(a —w)) + (2nthy + Gonsa(-ttg —u2))i
+ (2012 + g2p42 (1 +10))J,
diy = (8anr1(—ug +up — 1)) + (82541 (uo — 1y +uz))i
+(gans1(-ug +up —uz))j,
dyy = (M1 (= ug +up —uz) + 82p41(=vo + v = 2))
+ (M1 (g —uy +uz) + g2p01(vo — vy +1))i
+ (hypy1 (Fug + 1wy —uz) + g2 41(=vo + v —92)) Js
dyy = (82n+1(-ug +up —up)) + (€241 (g — 1y +up))i
+(gans1(-ug +up —uz))j.
On the other hand,
q(t) p(t)

[“O +M1i +M2j 0 ]

Vo +wi+Vvoj  uy +ugi +uyj

|: = [an + g2n+2(_i + ]) 0 len

n=0 h2n + h2n+2(_i + ]) &t g2n+2(_i + ])

+(g2n+l(_l+i_j) 0 ]tznﬂ}
My (F1+i=j)  gapn(-1+i-j)
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B i( (g + i +1u3j) (820 + 2n+2(=i + J))
n=0

(vo +vii +v2j) (820 + ansa (=i + J)) + (g + wyi + uy j) (hyy + hppin (=i + j))

J
n

+[ (ug +wi +uyj) grp1 (=1 +1 = j)

(vo +vii +v2j) a1 (1 + i = J) + (ug + wi + uyj) by (-1 + i = )

0 J 2n+1
(g + wi + 13 j) 821 (-1 +10 = j)

(e 0 A 0
_ Z[ 11 ]th J{ 11 ]t2n+l’
a—0\€21 € o I

where

e = (gantto + gans2(ua — ) + (€201 + g2ps2(—ug —uz))i
+(g2ntts + opa2 (g +1g))js

exy = (hyuug + hypio(uy —up) + 82,0 + 82ns2(v2 — V1))
+ (ot = hppio(ug +uz) + 2V = g2ps2(vo +v2))i
+ (hoptty + hyp o (g + 1g) + g2,v2 + 2n42(Vi +v0)) J,

2y = (gantty + &an+2(y — 1)) + (g2nt + 2ps2(-ttg — )i
+ (g2ntty + opa2 (1 +1g))js

St = (&ani(—ug +up —ua)) + (8241 (ug — 1y +uz))i
+(g2n41(-ug +up —uz)) Jj,

fa1 = (i1 (—ug +uy —uz) + 82,41 (=vp + v —12))
+ (hypt (g —up +uz) + g2p41(vo —vi +v2))i

+ (hypi1(=ug + up —up) + 22,01 (=vo + v =) J,
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S22 = (gans1(mug + uy —up)) + (gops1 (g — ug + uy))i
+ (8241 (-1 + 1y —up)) j.

We can see that p(t)q(t) = q(¢) p(¢). Therefore, p(t) € Z(M]t; c]).

(2) We show that
M (ay, + ay,o(—i + f) 0
Z(M[l‘; G]) - {Z[ 2n 2n+2 Y o Jth
To\bay T byya(mi+ j)  ag, + aguin(=i + )
N £‘12n+1(_1 +i-j) 0 }2n+1
byl +i=j)  ay(-1+i-j)

|a2ns> b2ys A2p11> Daps1s @2p42s bops2 € R}-

Let p(¢) € Z(M[t; c]). Then
p(t)q(t) = q(t) p(t), Vq(t) e M[z; o].
& (|g" gt gd" 0 2
p(l‘) h Z 2n 2n s 2n . 2n 2n s 2n . !
amONLhy" +hTTE+ R gyt +gilit gy

2n+l 2n+l. 2n+1 .
+[gon +gi i+ gy 0 }ZnHJ

2n+l1 2n+l. 2n+l . 2n+1 2n+1. 2n+1 .
by R+ R gy tgl it gy

' i 0
By choosing ¢(¢) = ( ,j,
i i

p(t)q(t)

2 n. . 2n.
_ iﬂgon +gii+g3"j 0 ]t2n
n=0 j ]

2n 2n. 2n 2n 2n 2n .
hy" +hTi+hyTj gy +giit gy

2n+1 2n+1. 2n+1 . .
+[go +gi itgy 0 ]ﬁnﬂ}(’ 0
2n+1 2n+l1. 2n+1 . 2n+1 2n+1. 2n+l . : .|
" AR AT gy gl i+ gy
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Because o(i) = —j and o2(i) = i, we have

& ~g3" +80"i + 8"
p(t)q(t) = Z M 2n. on . 2n 2n. 2n .
nol=hm" +hyi+hTj gy gy i+ gl

0 :|t2n
2 20, 2n .
-2 +gyli+ gy

B _g12n+1 _ g%nﬂi + g%n+1j
_h12n+1 _ h22n+li n hgn+1j _ g12n+1 _ g%nHi n ggn+1j
0 2n+l1
_g12n+1 . g§n+1i n ggnHj
On the other hand,
(T [ gd" + g+ g3 0 | 2
q(t)p(t) . ; Z 2n 2n. 2n . 2n 2n. 2n . !
L)ool +hiiA R gy +giit gy )]
2n+l 2n+l. 2n+l . 7
g et i+ gy 0 2n+1
hgn-i—l +h12n+1i+h22n+1j g%nﬂ +g12n+1i+g%n+lj_
2 2n s 2n .
_ i -gy" +gyi+gij
nool=hs" + i+ G- g3+ gg"i + gt
0 :|t2n
2 2n. 2n .
~g" +goi+ g

2n+1 2n+1. 2n+1 .
& t& 1t8& J

+
2n+1 2n+l1. 2n+l . 2n+1 2n+l. 2n+l .
[—hz +hy i+ R j-gy gy it g

0 :|t2n+1.

2n+1 2n+l. 2n+l .
—82 +8 t+tg& J
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Because pj,i = ipy, and —pj,1j = ipy,41, We get

o gt (—1+i+)) 0
2n+l — .
W (viv ) g i+ )

Then we conclude that

m
2 2n+1
p(t) = Y (p2at™" + p2yirt™*)

n=0
2 2n. 2n .
_ | g0 +gii+g3" ) 0 2n
| I B B R
2n+1 . .
RE: -1+ ) 0 (2n+1
W viv ) g —1vi )

Next, choose ¢(z) = ¢. Then

m 2n 2n. 2n .
g) tg& i+gyj 0 2
p)4l0) = [z{ ] :

2n 2n. 2n . 2n 2n. 2n .
noLhy” thiTi+hj gy tgiitgy

2n+l . .
-1+i+ 0
. [gl (-1+i+j) ]thHJt

R (A vi+j) gt i+ )

2 n. . 2n.
_ i gy +gii+ gy 0 2+
L b g+ efti+ g3l
2n+1 ..
| & (i + ) 0 2n+2
W (Avivj) g (i)
On the other hand,

m 2n 2n. 2n .
gy tg& i+gyJ 0 2
q(t)pm:{z[ }

2n 2n. 2n . 2n 2n. 2n .
neoLho thi+mTj gy +tgiit gy
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2n+1 .
N [gl 4+ ) 0 }2“1}

Y A vrivj) g i+ )

Because #i = o(i)t = —jt and j = o(j)t = —it, we have

2 2n . 2n .
_No|g0" - g 0 2n+1
q(t)p(t) - Z 2n on. 2n . 2n 2n. 2n . !
n=0L " —WTi=hTj gy —gyi—giy

2n+1 . .
ML T+ i+ ) 0 20+
RN 1 +i+ j) gt N =1+i+ )

Because p(1)q() = q(t) p(t), we get gi" = —g3" and hi" = —h3".

Therefore,
2 2 . .
pt) = i[gon rerie)) N ]ﬂ”

2 2 . . 2 2 . .

noolm" + B (=i + j) g + & (=i + )

2n+1 .
L& R C T ) 0 2+
R i+ j) g (A +i+ )

Now, p(¢) in general can be written as:

o0) = i|:g2n + 8oni2 (=i + j) 0 :|t2n

oLt My (=i + ) g2 + Gapea (=i + )

+ |:g2n+l(_1 +i+ .]) 0 :|t2n+1

hyp(C1+i+ ) gouu(-1+i+j)

m
2 2n+1
p() = D (p2at™ + P2art™"™).
n=0

Therefore,
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Ui ap + ap 2(—i + j) 0
plt) e Z( o N
To\bay +byya(mi+ j)  ag, +ag,o (=i + )
. (a2n+1(_1 +1i - j) 0 ]t2n+l}
bypi(-1+i—j) agy(-1+i~j)
Thus,
m ap + ap 2(—i + j) 0
Z(M[t; o)) < Z[ Lo N
To\bay +bya(mi+ ) ag, + agua(=i + )

(1]

(3]

(4]

(3]

(6]

n ((12,1_,_1(—1 +i- .’) 0 ]t2n+l}
bypi(-1+i—j)  agy(-1+i~j)
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